1. Introduction. Superconducting materials exhibit a phase transition from a normal state, in which they behave like conventional metals, to a superconducting state in which they can support electric currents without resistance and exhibit the so-called Meissner effect, namely a tendency to expel magnetic fields. This phase transition is commonly associated with a critical temperature Tc, below which the material enters the superconducting state. This, however, applies only in the absence of a magnetic field. Where a magnetic field H is applied to the sample the transition takes place across some (sample geometry dependent) curve in H-T space which we represent schematically in Figure 1 .1. The purpose of this paper is to investigate this phase transition for thin structures made from a certain class of superconducting materials at low magnetic fields. In order to do this we make use of the GinzburgLandau (GL) model of superconductivity [7] . In this model the superconducting charge carriers (electron pairs) are represented by a complex order parameter O(x), which is defined such that \l (x) 2 is proportional to the number density of these charge carriers. with rather small values of K (for example, aluminum, where n = 0.28). In order to explain this difference in behaviors we investigate the limit in which the thickness of the structure goes to zero at the same time as n tends to zero. In particular we choose the distinguished limit which captures the crossover between type-II behavior, favored by thin geometries, and type-I behavior, favored by low values of n.
Phase transitions are classified into two types: first order (discontinuous) and second order (continuous)
From a mathematical viewpoint, a second order phase transition occurs whenever the bifurcation of the superconducting solution from the normal solution is supercritical, and a first order transition occurs whenever it is subcritical. A heuristic argument can be made for the magnetic field generated by superconducting currents favoring a subcritical bifurcation. Therefore one can say that a strong Meissner effect (low K) is generally associated with a first order transition, whereas a weak Meissner effect (large K) is typically associated with a second order phase transition. If, however, the sample has at least one thin dimension, then the sample's ability to change the magnetic field via the Meissner effect is diminished. Thus thin samples of low-K materials may exhibit second order transitions. We shall derive models for superconductivity in thin domains in the distinguished limit, as the thickness of the domain and n tend to zero, in which it is possible to find both first and second order phase transitions. We shall use each of these models to derive an eigenvalue problem whose solution determines the position of the normal/superconducting phase transition in H-T phase space; and to find a criterion which may be used to determine whether this phase transition is of first or second order. A similar eigenvalue problem and criterion have been derived from the full GL equations by Chapman [5] for a body of arbitrary shape. However, the practical application of this more general treatment is limited by the difficulty of solving the eigenvalue problem.
Limit models for thin superconducting domains have previously been derived by Chapman, Du, and Gunzburger [6] (thin films) and by Rubinstein and Schatzman in [14] (thin strips) and [15] (thin networks). In these works the authors consider the limit where the thickness of the domain goes to zero. In [13] we have derived a different model in which we considered the limit of vanishing thickness together with strong applied magnetic fields. All these models have proved useful to study a variety of problems. In particular they have been used to confirm experimental results such as the Little-Parks oscillation [10] , [8] , and even to predict new effects [3] (see also [12] ). The new models we derive here complement these works. They enable us to derive precise criteria for classifying the phase transitions. They also serve as a useful tool for understanding such structures well into the nonlinear regime.
In section 2 we formulate the GL model for superconductivity. It turns out that the appropriate canonical scaling depends on the geometry and even on the topology of the sample. We therefore consider separately the cases of thin cylindrical shells (section 3), thin films (section 4), and thin wires (section 5). In each case we consider how the magnitude of the GL order parameter b varies with temperature for different constant magnetic fields (in practice this is mathematically convenient). However, we lose no generality in doing so as the surface representing |11 as a function of magnetic field and temperature can be reconstructed from these slices. Finally we discuss our findings in section 6. One of our main conclusions is that the classification of materials into type-I or type-II is fairly meaningless in mesoscopic domains. A material can exhibit both types of behavior depending upon its geometry. In fact, even when the geometry is fixed, the type of phase transition can vary as the applied magnetic field changes. 
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We take the divergence of (2.8) and expand this in powers of e to find 
In order to solve for A(?) an equation giving its gauge must also be specified (typically V A(?) = 0). In order to relate (3.18) and (3.19) to the magnetic vector potential it is helpful to transform back to complex variables (O, A) where -1(?) = f(?)(s)exp(ix(?)(s)), QO) = A)(s) -x(o)(s) A(?) (s) -A(?). q'(s)=q(
Equations ( To leading order we have just the same problem that we derived for the thin cylindrical shell, namely, (3.21) and (3.22). At this order the analysis of the phase transition therefore proceeds as in section 3.1. A higher degree of accuracy can be obtained by taking further terms in the expansions of f, f3, Q3, and F in inverse powers of log(I/e).
6. Conclusion. We have derived canonical models for thin superconducting geometries in certain distinguished limits as the thickness of the superconducting domain and the GL parameter K tend to zero. These models capture the competing effects of small n,, which favors type-I behavior (a first order normal/superconducting transition), and the small aspect ratio of the domain, which favors type-II behavior (a second order normal/superconducting transition). We found that the preferred scaling in which the various effects are of the same order depends crucially on the geometry. For example, the scaling for thin shells and thin films was ,2 ~ e, while the scaling for thin wires was n,2 ~ e2 log e-1, where e is the domain aspect ratio. We used our new equations to compute the boundaries in the parameter space that separate regimes corresponding to different kind of phase transition. Of particular interest are Figures 3.2 and 4 .1 for the case of annular thin films. While the normal-superconducting transition curves exhibit the expected Little-Parks oscillations, a large set of superconducting solutions, bifurcating from the normal state, are subcritical (first order). This effect becomes more pronounced as the applied magnetic field is increased. This is in agreement with the heuristic argument we presented in the introduction, according to which the Meissner effect favors a subcritical transition.
